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APPLICATION OF THE VARIATIONAL PRINCIPLE TO THE SOLUTION OF
GENERALIZED COUPLED PROBLEMS IN THERMOELASTICITY OF INHOMOGENEOUS
MEDIA

Yu. M. Kolyano and Z. I. Shter UDC 539.3

A variational principle is formulated for coupled thermoelasticity for inhomo-
geneous media, The problem of thermoelastic energy dissipation accompanying trans-
verse oscillations of an inhomogeneous isotropic cantilevered beam is solved.

The application of direct methods to the solution of coupled problems in thermoelasticity
for inhomogeneous medila encounters considerable mathematical difficulties. The development
of approximate methods for solving coupled problems based on variational principles is prom-
ising.

We shall formulate the variational principle for coupled thermoelasticity for inhomogen-—
eous media. We shall examine the isothermal energy of deformation

W=~ cunated eead?, @)
)
where §§ is the volume of the body.

Let us transform (1) taking into account the Duhamel—Neumann equation for inhomogeneous
media and the equations of motion. As a result, we obtain

j Xdu,dV - j P;dusdA — j 0 (xs) ti;0u,dV = 6W — (- Bis (x,) tde;saV, (2)
L A Q Q

where A is the surface of the body.

->
We introduce the vector H, related to the heat flux vector by the relation

- - 3
q-':tﬂH. ( )

Taking into account the generalized law of heat conduction

4
lgy = — My () ) 4)
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and relation (3). we find
b= —tokss (%5) [Hj, (5)
where kij(xg) is the inverse matrix for the coefficients of thermal conductivity lgj(xs); 1=
[1 + 1.(3/31)]; Ty is the relaxation time for the heat flux.
Multiplying (5) by S8Hj, integrating over {, and using the equation for the rate of growth
of entropy

tﬁ:p—mv;=QQ9i+m”%ﬂﬂm

i.e.,
Hii=— ‘e (Xs) {+ Bis (%) €15,
fo
we obtain the equation
j £5H,n,dA + —tl—— S o otdV + (ﬁi e,V + 1 f ks SH,IH dV = 0. ©
0 o/
A Q Q Q

Eliminating from Eqs. (2) and (6) terms that contain variations of deformations, we arrive at
a variational equation for the generalized coupled problem of thermoelasticity of anisotropic
inhomogeneous bodies

8(W P4 D)= S (X; — (%) ;) SuzdV + j P;8u;dA — § 18H ,dA, | €
Q A i

A

where

SH, — ndHy; P — —— J Co (xe) £2dV;
o,
Q

8D = t, f ki (%5) SHIH;dV.

Q

Thus, variation of the sum of the work of deformation, the thermal potential, and the
dissipation function equals the virtual work of external forces, inerial forces, and heating
of the surface.

Let us represent the components of the displacement vector u; and the components of the
vector H; as follows:

w= 3 (%) gi(v), H;= 2:‘1 Hyj (%) 95 (), (8)

j=1 i

where q: are generalized coordinates. We assume that Suy and SHy”’do not depend on time,

Then, defining

_ % s s, = sy, OH:_ OH;
9q; - g5 dg;  0q;

d (0 .

0K = — (—K 8q;, bu; = vidr, Of = tdx,

) dt aq,'

we shall represent (7) in the form of the Lagrangian equations of motion

S B 4 (K D) g 9

0q; oq; = dv \dg; dq;

6”5

where

10
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Q= j‘xi‘?ﬁi_dwrj (pia”f ~t,zia[.1i) dA
y 99 P 0g; 0g;

is the generalized force.

We shall use the variational principle (9) to solve the problem of thermoelastic energy
dissipation accompanying transverse oscillations of an inhomogeneous isotropic cantilevered
beam. Assume that the beam with a rectangular transverse cross section has height h, width
b, and length I, The axis of the beam is directed along the OX axis and the origin of co-
ordinates 1s located at the fixed end of the beam. Based on the elementary theory of bending
of a beam, we have

d? du
Kiz; Ey:.EZ:—-'V(xs) B Exy ==&y =& = 0; &y =8x toy g =—2[1—2v(x)] dx2

where V(xg) 1s the Poisson coefficient of an inhomogeneous beam; u; is the deflection. We
shall assume that the change in deflection of the beam has the following form:

Uy =4 <l—cos g—f) (12)

where q, is the deflection of the free end of the beam and is a generalized coordinate. We
assume that the entropy density varies similarly to the deflection, i.e.,

2

» (11)

£y, = —2

S = _gqi cos ﬂ:_x 5 (13)
h 21

where q2 is the generalized coordinate for entropy.

Let us calculate (W + P), K, and Dy taking into account (11), (12), and (13):

1 . 1 1 .
W P= —2— gy + Q194192 + —2— a-zz‘lgy K = 7 mnq%,

(14)
Dy= b2
T—’2— 2245 »
where
e \2
= %) | 1—cos — 1 dV;
- pr( ).( os 5 ) 15)
o
aw= | 20— 2w e (14 o cos Z2) k) + L 2| av; (16)
\ 42 21 o Ce(Xs)
Qg = i—f" J 229 () [1— 2v ()] cosg—;v (1 + IZ; Cos ;—;) av; a7
g
oy = Ao 2 cos? = dv; (18)
h? A EA] 21
2
(19)

bggr—t—of tl (hd —22) casz 22 gy,
h? Mx) \ 4 21
Q

Substituting the values (15)-(19) into (9), taking into account the fact that Qj = 0, we
obtain the following system of differential equations:

muéi + anqy + angs = 0, (20)

Trbasfa + besdy + @axa + Angy = 0. (21)
We shall assume that the beam undergoes harmonic oscillations when
(22)

g> = exp (io1), g2 = 102, gz = — 0%y
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Transforming (20) and (21), taking into account (22), we obtain

et [a L a2, (@ze — T,0%by;) ; a3, b 0 2
| (@20 — T:0%D3s)? + by 0” (Qgp — T,0%bgo)* + b3y 02 ’ (23)
2 . 2
M = ay — a7y (am? T,0 b22) (24)
(Azo — T,0%03)* + bpp?
is the modulus of rigidity of am inhomogeneous beam, while
a2, by
Fa= i (25)

is the equivalent damping force, which vanishes for
in the following form

= 0 and w ~ ». We shall represent (23)

myGy + ¢, (M + iFy) = 0. (26)

Let us denote the damping coefficient in terms of B:

ﬁ:VI/Mz—I—FdZ—}—M , 6’:1/ VM2 Fi—M . @2n
2my, 2my, ’
then, '
gy = exp (— pr) cos oT. (28)

For a frequency of oscillations w = Vaa;/baarr, the modulus of rigidity attains the
maximum value equal to @ii. Let us determine B for different values of the frequency of
oscillation:

Qy — —— -
/a
0=0 p= G g p= |/ 2,
My My
while if w = wey, then
Aﬁ—_, 17 Oos i (29)

2nty,

For w = weys the damping coefficient takes on the greatest value. Let us examine how the
changes in the thermophysical characteristics of the beam affect the energy dissipation,

1. Let the thermophysical characteristics vary according to the law
P (y) = poexp (ny), (30)

where po and n are given parameters. In this case, we obtain:

ay = (ko + o3 C-e—ol) X it l(exp (nb) — 1) — 2v, (exp (2nh) — 1) + ry vi (exp (3nb) — 1) |, (31)
L2 412 3
ty = 2P CEE D) jep (nb) (1 — voexp (n5) — 1 —wo)l, (32)
3nein
(yy = 4tplh (3c., )™ {1 — exp (— nb)), (33)
3 47
myy = npglh (exp (nb) — 1) (T + —j ) (34)
_— L
Bag = tolh (1 — exp (— nb)) (815 n)~L. (35)
2. Let the thermophysical characteristics vary according to the law
P(Y) = po+ (p1— po) S_(v), (36)
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where S_(y) is the asymmetric unit function. Then

I EITCRY _ ! 1y,
au=— lhb(l—[— = +4z3){ X (l—{~4vo)< k0+to(cel 7) X
_ (37)
2
[v1+—u})+2[("?—"@ kot tvi 2 +<1+4vs>(ko+ °"°)}
i = (1 + m) foh% ‘[1-——2«70%(1—]——;)1— n %—) — 4«»1%] (301, (38)
0 0
g — tohlb ( 1 i 1 ), (39)
3 Ce, Ce,
m“ — (_ 3) lghb (Po + pi) . (40)
T
bint, (1 2 1 1 (41)
byy = — —= | —+— - -
= 24 (2 )(x‘ +w6)

Comparison of expressions (31)-(35) and (37)-(41) shows that the nature of the inhomogeneity
of the material has a large effect on the magnitude of the energy dissipated with oscillations
of the beam.

Thus, it follows from what was said above that with the help of the given variational of
principle, it is possible to determine the magnitude and characteristics of the thermoelastic
energy dissipation with oscillations of inhomogeneous bodies.

NOTATION

xg(s = 1, 2, 3), rectilinear Cartesian coordinates; T, time; Agj (i, § =1, 2, 3), coef-
ficients of thermal conductivity of an anisotropic body; to, temperature of the body in an
unstressed state; t, increase in temperature at points in the body; S, entropy; ejj, compon-
ents of the deformation in Cartesian numbered axes; cijkl, elastic coefficients of inhomogen-
eous anisotropic bodies; Bis, coefficients of an inhomogeneous anisotropic body, taking into
account the mechanical and thermal properties of the material;.ce, volume heat capacity at
constant deformation; p, demnsity of the inhomogeneous anisotropic body; Xy, components of the
vector of mass forces; Pj, components of the vector of surface forces; k, 7 =1, 2, 3.
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